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GLOBAL PROPERTIES OF VECTOR FIELDS ON COMPACT
LIE GROUPS IN KOMATSU CLASSES. II. NORMAL FORMS
ALEXANDRE KIRILOV, WAGNER A. A. DE MORAES, AND MICHAEL RUZHANSKY
Abstract. Let G1 and G2 be compact Lie groups, X1 ∈ g1, X2 ∈ g2 and consider the operator
Laq = X1 + a(x1)X2 + q(x1, x2),
where a and q are ultradifferentiable functions in the sense of Komatsu, and a is real-valued. We
characterize completely the global hypoellipticity and the global solvability of Laq in the sense of
Komatsu. For this, we present a conjugation between Laq and a constant-coefficient operator that
preserves these global properties in Komatsu classes. We also present examples of globally hypoelliptic
and globally solvable operators on T1 × S3 and S3 × S3 in the sense of Komatsu. In particular, we
give examples of differential operators which are not globally C∞–solvable, but are globally solvable in
Gevrey spaces.
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1. Introduction
The present paper is a continuation of our paper [14] where we have characterized the global hypoel-
lipticity and global solvability in the sense of Komatsu (of Roumieau and Beurling types) of constant-
coefficients vector fields defined on compact Lie groups, and the influence of lower-order perturbations
in the preservation of these properties.
In this paper, we present a class of first-order operators with variable coefficients that can be reduced
to a constant-coefficient operator employing a conjugation. Such a reduction ensures that the original
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operator and the conjugated constant-coefficient operator have the same type of global properties in
Komatsu sense. This equivalence was inspired in reduction to normal forms, which is a technique widely
used in this context, see for example [5,8–10,12,17]. It should be emphasized here that, as far as we know,
this is the first time that this technique is extended to ultradifferentiable functions and ultradistributions
in Komatsu classes, especially in the Beurling setting. In the case of Gevrey spaces of Roumieu type,
this technique was used in [1] and [3] to reduce vector fields (and systems of vector fields) defined on tori
to their normal forms. In the case of Lie groups, this reduction was firstly used in [13] in the smooth
and distributional cases.
The definition of such a conjugation depends on the characterization of ultradifferentiable functions
and ultradistributions through their partial Fourier series in Komatsu classes, which is done in Section 3.
With this characterization in place, in Section 4, we use the properties of the Komatsu classes to show
that the conjugation is well defined in Komatsu classes, in Roumieu and Beurling settings. Finally, we
obtain the normal form of the given operator and, in Section 5, we provide the characterization of global
hypoellipticity and global solvability in the sense of Komatsu.
We conclude the paper presenting new examples of globally hypoelliptic and globally solvable op-
erators, in the sense of Komatsu, on T1 × S3 and S3 × S3. In particular, we construct an example
of operator with variable coefficients that is neither globally hypoelliptic in the sense of Komatsu, nor
globally solvable in C∞–sense, but it is globally solvable in Gevrey spaces.
2. Preliminaries
In this section, we recall most of the notations and preliminary results necessary for the development
of this study. A very careful presentation of these concepts and the demonstration of all the results
presented here can be found in the references [11] and [20].
Let G be a compact Lie group and let Rep(G) be the set of continuous irreducible unitary representa-
tions of G. Since G is compact, every continuous irreducible unitary representation φ is finite dimensional
and it can be viewed as a matrix-valued function φ : G→ Cdφ×dφ , where dφ = dimφ. We say that φ ∼ ψ
if there exists an unitary matrix A ∈ Cdφ×dφ such that Aφ(x) = ψ(x)A, for all x ∈ G. We will denote
by Ĝ the quotient of Rep(G) by this equivalence relation.
For f ∈ L1(G) the group Fourier transform of f at φ ∈ Rep(G) is
f̂(φ) =
∫
G
f(x)φ(x)∗ dx,
where dx is the normalized Haar measure on G. By the Peter-Weyl theorem, we have that
(2.1) B :=
{√
dφ φij ; φ = (φij)
dφ
i,j=1, [φ] ∈ Ĝ
}
,
is an orthonormal basis for L2(G), where we pick only one matrix unitary representation in each class
of equivalence, and we may write
f(x) =
∑
[φ]∈Ĝ
dφTr(φ(x)f̂ (φ)).
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Moreover, the Plancherel formula holds:
‖f‖L2(G) =

∑
[φ]∈Ĝ
dφ ‖f̂(φ)‖2HS


1/2
=: ‖f̂‖ℓ2(Ĝ),
where
‖f̂(φ)‖2HS = Tr(f̂(φ)f̂ (φ)∗) =
dφ∑
i,j=1
∣∣f̂(φ)ij ∣∣2.
The group Fourier transform of u ∈ D′(G) at a matrix unitary representation φ is the matrix û(φ) ∈
Cdφ×dφ , whose components are given by
û(φ)ij =
〈
u, φji
〉
,
where 〈 · , · 〉 denotes the distributional duality.
Let LG be the Laplace-Beltrami operator ofG. For each [φ] ∈ Ĝ, its matrix elements are eigenfunctions
of LG correspondent to the same eigenvalue that we will denote by −ν[φ], where ν[φ] ≥ 0. Thus
(2.2) − LGφij(x) = ν[φ]φij(x), for all 1 ≤ i, j ≤ dφ,
and we will denote by
〈φ〉 := (1 + ν[φ])1/2
the eigenvalues of (I−LG)1/2.We have the following estimate for the dimension of φ (Proposition 10.3.19
of [20]): there exists C > 0 such that for all [ξ] ∈ Ĝ it holds
dφ ≤ C〈φ〉
dimG
2 .
For x ∈ G, X ∈ g and f ∈ C∞(G), define
LXf(x) :=
d
dt
f(x exp(tX))
∣∣∣∣
t=0
.
The operator LX is left-invariant, that is, πL(y)LX = LXπL(y), for all y ∈ G. When there is no
possibility of ambiguous meaning, we will write only Xf instead of LXf .
Let P : C∞(G) → C∞(G) be a continuous linear operator. The symbol of the operator P in x ∈ G
and φ ∈ Rep(G), φ = (φij)dφi,j=1 is
σP (x, φ) := φ(x)
∗(Pφ)(x) ∈ Cdφ×dφ ,
where (Pφ)(x)ij := (Pφij)(x), for all 1 ≤ i, j ≤ dφ, and we have
Pf(x) =
∑
[φ]∈Ĝ
dim(φ)Tr
(
φ(x)σP (x, φ)f̂ (φ)
)
,
for all f ∈ C∞(G) and x ∈ G.
When P : C∞(G)→ C∞(G) is a continuous linear left-invariant operator, that is PπL(y) = πL(y)P ,
for all y ∈ G, we have that σP is independent of x ∈ G and
P̂ f(φ) = σP (φ)f̂ (φ),
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for all f ∈ C∞(G) and [φ] ∈ Ĝ and, by duality, this remains true for all f ∈ D′(G). For instance, by
relation (2.2), we obtain
(2.3) L̂Gf(φ) = −ν[φ]f̂(φ),
for all f ∈ D′(G) and [φ] ∈ Ĝ.
Let Y ∈ g. It is easy to see that the operator iY is symmetric on L2(G). Hence, for all [φ] ∈ Ĝ we
can choose a representative φ such that σiY (φ) is a diagonal matrix, with entries denoted by λm(φ) ∈ R,
1 ≤ m ≤ dφ. By the linearity of the symbol, we obtain
σX(φ)mn = iλm(φ)δmn, λj(φ) ∈ R.
Notice that {λm(φ)}dφm=1 are the eigenvalues of σiX(φ) and they are independent of the choice of the
representative, since the symbol of equivalent representations are similar matrices. Moreover, since
−(LG −X2) is a positive operator and commutes with X2, we have
(2.4) |λm(φ)| ≤ 〈φ〉,
for all [φ] ∈ Ĝ and 1 ≤ m ≤ dφ.
Let G1 and G2 be compact Lie groups and set G = G1 ×G2. Given f ∈ L1(G) and ξ ∈ Rep(G1), the
partial Fourier coefficient of f with respect to the first variable is defined by
f̂(ξ, x2) =
∫
G1
f(x1, x2) ξ(x1)
∗ dx1 ∈ Cdξ×dξ , x2 ∈ G2,
with components
f̂(ξ, x2)mn =
∫
G1
f(x1, x2) ξ(x1)nm dx1, 1 ≤ m,n ≤ dξ.
Analogously we define the partial Fourier coefficient of f with respect to the second variable. Notice
that, by definition, f̂(ξ, · )mn ∈ C∞(G2) and f̂( · , η)rs ∈ C∞(G1).
Let u ∈ D′(G), ξ ∈ Rep(G1) and 1 ≤ m,n ≤ dξ. The mn-component of the partial Fourier coefficient
of u with respect to the first variable is the linear functional defined by
û(ξ, · )mn : C∞(G2) −→ C
ψ 7−→ 〈û(ξ, · )mn, ψ〉 :=
〈
u, ξnm × ψ
〉
G
.
In a similar way, for η ∈ Rep(G2) and 1 ≤ r, s ≤ dη, we define the rs-component of the partial Fourier
coefficient of u with respect to the second variable. It is easy to see that û(ξ, · )mn ∈ D′(G2) and
û( · , η)rs ∈ D′(G1).
Notice that
̂̂u(ξ, η)mnrs = ̂̂u(ξ, η)rsmn = û(ξ ⊗ η)ij ,
with i = dη(m − 1) + r and j = dη(n− 1) + s, whenever u ∈ C∞(G) or u ∈ D′(G). More details about
partial Fourier series in the framework of smooth functions and distributions can be found in [15].
In this paper, we deal with operators and their properties in Komatsu classes. So we need to introduce
some notations, results and technical lemmas that will be used in the sequel. All definitions are taken
from [7], [16] and [19].
Let {Mk}k∈N0 be a sequence of positive numbers such that there exist H > 0 and A ≥ 1 satisfying
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(M.0): M0 = 1.
(M.1): (stability) Mk+1 ≤ AHkMk, k = 0, 1, 2, . . . .
(M.2): M2k ≤ AH2kM2k , k = 0, 1, 2, . . . .
(M.3): ∃ℓ, C > 0 such that k! ≤ CℓkMk, for all k ∈ N0.
(M.4):
Mr
r!
Ms
s!
≤ Mr+s
(r + s)!
, ∀r, s ∈ N0.
We will assume also the logarithmic convexity:
(LC): M2k ≤Mk−1Mk+1, k = 1, 2, 3, . . . .
Given any sequence {Mk} that satisfies (M.0)–(M.3), there exists an alternative sequence that satisfies
the logarithmic convexity and defines the same classes that we will study. So assuming (LC) does not
restrict the generality compared to (M.0)–(M.3). The condition (M.4) is used only twice in this paper,
in (4.8) and (4.12), to prove that an automorphism is well-defined.
From (M.0) and (LC) we have Mk ≤Mk+1, for all k ∈ N, that is, {Mk} is a non-decreasing sequence.
Moreover, for k ≤ n holds
Mk ·Mn−k ≤Mn.
The condition (M.2) is equivalent to Mk ≤ AHk min
0≤q≤k
MqMk−q, (see [18], Lemma 5.3).
Given a sequence {Mk} we define the associated function as
(2.5) M(r) := sup
k∈N0
log
rk
Mk
, r > 0,
and M(0) := 0. Notice that M is a non-decreasing function and by its definition, for every r > 0 we
have
(2.6) exp{M(r)} = sup
k∈N0
rk
Mk
and exp{−M(r)} = inf
k∈N0
Mk
rk
.
It follows from these properties that for a compact Lie group G, for every p, q, δ > 0 there exists C > 0
such that
(2.7) 〈φ〉p exp{−δM(q〈φ〉)} ≤ C,
for all [φ] ∈ Ĝ. Moreover, for every q > 0 we have
(2.8) exp
{− 12M (q〈φ〉)} ≤ √A exp{−M (q2〈φ〉)},
for all [φ] ∈ Ĝ, where q2 = q
H
(see [6] for more details).
Definition 2.1. The Komatsu class of Roumieu type Γ{Mk}(G) is the space of all complex-valued C
∞
functions f on G such that there exist h > 0 and C > 0 satisfying
‖∂αf‖L2(G) ≤ Ch|α|M|α|, ∀α ∈ Nd0.
In the definition above, we could take the L∞-norm and obtain the same space. The elements of
Γ{Mk}(G) are often called ultradifferentiable functions and can be characterized by their Fourier coeffi-
cients as follows:
f ∈ Γ{Mk}(G) ⇐⇒ ∃N > 0, ∃C > 0; | ̂̂f(ξ, η)mnrs | ≤ C exp{−M(N(〈ξ〉+ 〈η〉))},(2.9)
∀[ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m,n ≤ dξ, 1 ≤ r, s ≤ dη.
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Similarly, the ultradistribution of Roumieu type can be characterized in the following way:
u ∈ Γ′{Mk}(G) ⇐⇒ ∀N > 0, ∃CN > 0; | ̂̂u(ξ, η)mnrs | ≤ CN exp{M(N(〈ξ〉+ 〈η〉))},(2.10)
∀[ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m,n ≤ dξ, 1 ≤ r, s ≤ dη.
Next, to define Komatsu classes of Beurling type, let us replace (M.3) by the following stronger condition:
(M.3’): ∀ℓ > 0, ∃Cℓ such that k! ≤ CℓℓkMk, for all k ∈ N0.
Definition 2.2. The Komatsu class of Beurling type Γ(Mk)(G) is the space of C
∞ functions f on G
such that for every h > 0 there exists Ch > 0 such that we have
‖∂αf‖L2(G) ≤ Chh|α|M|α|, ∀α ∈ Nn0 .
Notice that Γ(Mk)(G) ⊂ Γ{Mk}(G). The elements of Γ(Mk)(G) can be characterized by their Fourier
coefficients as follows:
f ∈ Γ(Mk)(G) ⇐⇒ ∀N > 0, ∃CN > 0; | ̂̂f(ξ, η)mnrs | ≤ CN exp{−M(N(〈ξ〉+ 〈η〉))},(2.11)
∀[ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m,n ≤ dξ, 1 ≤ r, s ≤ dη.
Similarly, the ultradistribution of Beurling type can be characterized in the following way:
u ∈ Γ′(Mk)(G) ⇐⇒ ∃N > 0, ∃C > 0; | ̂̂u(ξ, η)mnrs | ≤ C exp{M(N(〈ξ〉+ 〈η〉))},(2.12)
∀[ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m,n ≤ dξ, 1 ≤ r, s ≤ dη.
3. Partial Fourier series in Komatsu classes
In this section, we will present the characterization of ultradifferentiable functions and ultradistribu-
tions in Komatsu classes of both Roumieu and Beurling types through the analysis of the behavior of
their partial Fourier series. This will allow us to study global properties of a variable coefficient opera-
tor on a product of compact Lie groups analyzing its normal form, which was completely characterized
in [14]. First, we present some technical results on the associated function that we will use throughout
the text.
Proposition 3.1. For every r, s > 0 we have
(i) exp{−M(r)} exp{−M(s)} ≤ exp{−M ( r+s2 )} ;
(ii) exp{M(r)} exp{M(s)} ≤ A exp {M (H(r + s))} .
Proof. (i) Let r, s > 0. By (2.6) we obtain
exp{−M(r)} exp{−M(s)} ≤ Mj
rj
Mℓ
sℓ
≤ Mj+ℓ
rjsℓ
,
for all j, ℓ ∈ N0. Let k ∈ N0. Thus for ℓ = k − j we have
exp{M(r)} exp{M(s)} ≥ r
jsk−j
Mk
,
so
2k exp{M(r)} exp{M(s)} =
k∑
j=0
(
k
j
)
exp{M(r)} exp{M(s)} ≥
k∑
j=0
(
k
j
)
rjsk−j
Mk
=
(r + s)k
Mk
,
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that is,
exp{−M(r)} exp{−M(s)} ≤ Mk(
r+s
2
)k ,
for all k ∈ N0. Therefore
exp{−M(r)} exp{−M(s)} ≤ exp{−M ( r+s2 )} .
(ii) Let r, s > 0. We have Mk+ℓ ≤ AHk+ℓMkMℓ and rksℓ ≤ (r + s)k+ℓ, for all k, ℓ ∈ N0. Thus
log
rk
Mk
+ log
sℓ
Mℓ
= log
rksℓ
MkMℓ
≤ logAH(r + s)
k+ℓ
Mk+ℓ
= logA+ log
(H(r + s))k+ℓ
Mk+ℓ
≤ logA+M(H(r + s)).
For every ℓ ∈ N0 fixed we have
log
rk
Mk
≤ logA+M(H(r + s))− log s
ℓ
Mℓ
=⇒ M(r) ≤ logA+M(H(r + s))− log s
ℓ
Mℓ
.
Now,
log
sℓ
Mℓ
≤ logA+M(H(r + s))−M(r), ∀ℓ ∈ N0,
which implies that
M(s) ≤ logA+M(H(r + s))−M(r).
By the properties of the exponential function we obtain
exp{M(r)} exp{M(s)} ≤ A exp {M (H(r + s))} ,
and the proof is complete. 
Proposition 3.2. For every r, s > 0 and t ∈ N0 we have
(i) rt exp{−M(sr)} ≤ A (Hs−1)tMt exp{−M(H−1sr)};
(ii) rt exp{M(sr)} ≤ As−tMt exp{M(Hsr)}.
Proof. (i) Let r, s, t > 0. We have
rt exp{−M(sr)} ≤ rt Mk
skrk
= s−t
Mk
(sr)k−t
, ∀k ≥ t.
Since Mk ≤ AHkMtMk−t, for all k ≥ t, we obtain
rt exp{−M(sr)} ≤ As−tHkMt Mk−t
(sr)k−t
= A(s−1H)tMt
Mk−t
(H−1sr)k−t
, ∀k ≥ t,
Therefore
rt exp{−M(sr)} ≤ A (Hs−1)tMt exp{−M(H−1sr)}.
(ii) Let r, s, t > 0. We have
rt exp{M(sr)} = rt sup
k∈N0
(sr)k
Mk
= sup
k∈N0
skrk+t
Mk
= s−t sup
k∈N0
(sr)k+t
Mk
Since Mk+t ≤ AHk+tMkMt, we obtain
rt exp{M(sr)} ≤ As−tMt sup
k∈N0
(Hsr)k+t
Mk+t
≤ As−tMt sup
ℓ∈N0
(Hsr)ℓ
Mℓ
.
Therefore
rt exp{M(sr)} ≤ As−tMt exp{M(Hsr)}.
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
Theorem 3.3. Let G1 and G2 be compact Lie groups, set G = G1 × G2, and let f ∈ C∞(G). Then
f ∈ Γ{Mk}(G) if and only if f̂( · , η)rs ∈ Γ{Mk}(G1) for every [η] ∈ Ĝ2, 1 ≤ r, s ≤ dη and there exist
h,C, ε > 0 such that
(3.1) max
x1∈G1
|∂αf̂(x1, η)rs| ≤ Ch|α|M|α| exp{−M(ε〈η〉)},
for all [η] ∈ Ĝ2, 1 ≤ r, s ≤ dη and α ∈ Nd10 .
Proof. (⇐= ) Let α ∈ N0. Recall that −ν[ξ] is the eigenvalue of the Laplacian operator LG1 associated
to the eigenfunctions {ξmn, 1 ≤ m,n ≤ dξ}. By (2.3), we obtain
να[ξ]| ̂̂f(ξ, η)rsmn | =
∣∣∣∣̂LαG1 f̂(ξ, η)rsmn
∣∣∣∣
=
∣∣∣∣
∫
G1
LαG1 f̂(x1, η)rsξ(x1)nm dx1
∣∣∣∣
≤
∫
G1
|LαG1 f̂(x1, η)rs||ξ(x1)nm| dx1
≤
(∫
G1
|LαG1 f̂(x1, η)rs|2 dx1
)1/2(∫
G
|ξ(x1)nm|2 dx1
)1/2
.
Notice that, by (2.1), we have ‖ξnm‖L2(G1) ≤ 1, for all [ξ] ∈ Ĝ1. Moreover, we can write LαG1 as a sum
of dα1 derivatives of order 2α, where d1 = dimG1. So, by (3.1), we obtain
να[ξ]| ̂̂f(ξ, η)rsmn | ≤ Cdα1 h2αM2α exp{−M(ε〈η〉)}.
By definition of 〈ξ〉, there exists C > 0 such that 〈ξ〉2 ≤ Cν[ξ], for all non-trivial representations. By the
property (M.2) of the sequence {Mk}, we have M2α ≤ AH2αM2α. Thus
| ̂̂f(ξ, η)rsmn | ≤ C(√d1hH)2α〈ξ〉−2αM2α exp{−M(ε〈η〉)}, ∀α ∈ N0.
Hence,
| ̂̂f(ξ, η)rsmn | ≤ C
(
inf
α∈N0
Mα
(〈ξ〉(√d1hH)−1)α
)2
exp{−M(ε〈η〉)
= C exp{−2M((
√
d1hH)
−1〈ξ〉)} exp{−M(ε〈η〉)}
≤ C exp{−M((
√
d1hH)
−1〈ξ〉)} exp{−M(ε〈η〉)}.
Set 2N = min{(√d1hH)−1, ε}. In this way, we get
| ̂̂f(ξ, η)rsmn | ≤ C exp{−M(2N〈ξ〉)} exp{−M(2N〈η〉)}
and by Proposition 3.1,
| ̂̂f(ξ, η)rsmn | ≤ C exp{−M(N(〈ξ〉+ 〈η〉))},
for all [ξ] ∈ Ĝ1 non-trivial, [η] ∈ Ĝ2. It is easy to see that we can also obtain this inequality for the
trivial representation of G2 from the hypothesis. Therefore f ∈ Γ{Mk}(G).
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( =⇒ ) We can characterize the elements of Γ{Mk}(G) as follows (Theorem 2.3 of [7]): ϕ ∈ Γ{Mk}(G)
if and only if there exist C, h > 0 such that
max
(x1,x2)∈G
|∂α1 ∂β2 ϕ(x1, x2)| ≤ Ch|α|+|β|M|α|+|β|,
for all α ∈ Nd10 , β ∈ Nd20 .
For f ∈ Γ{Mk}(G) we have
ν
β
[η]|∂α1 f̂(x1, η)rs| = |∂α1̂LβG2f(x1, η)rs|
≤
∫
G2
|∂α1 LβG2f(x1, x2)||η(x2)sr | dx2
≤
(∫
G2
|∂α1 LβG2f(x1, x2)|2 dx2
)1/2(∫
G2
|η(x2)sr|2 dx2
)1/2
≤ 1√
dη
∑
|γ|=2β
max
(x1,x2)∈G
|∂α1 ∂γ2 f(x1, x2)|
≤ Cdβ2h|α|+2βM|α|+2β,
where d2 = dimG2. Thus, when [η] is not trivial we obtain
|∂α1 f̂(x1, η)rs| ≤ Cdβ2h|α|+2βM|α|+2β〈η〉−2β
≤ Ch|α|+2βAH |α|+2βM|α|h2βdβ2M2β〈η〉−2β
≤ C(hH)|α|M|α|h2βdβ2H4βM2β〈η〉−2β
≤ C(hH)|α|M|α| exp{−2M((
√
d2hH
2)−1〈η〉)}
≤ C(hH)|α|M|α| exp{−M((
√
d2hH
2)−1〈η〉)}.
Put h′ = hH and ε = (
√
d2hH
2)−1 to obtain
max
x1∈G1
|∂α1 f̂(x1, η)rs| ≤ Ch′|α|M|α| exp{−M(ε〈η〉)},
for all non-trivial [η] ∈ Ĝ2, 1 ≤ r, s ≤ dη, α ∈ Nn0 .
For [η] = [1G2 ] we have
|∂α1 f̂(x1,1G2)| =
∣∣∣∣
∫
G2
∂α1 f(x1, x2) dx2
∣∣∣∣
≤ |∂α1 f(x1, x2)|
≤ Ch|α|M|α|.
In this way, adjusting C if necessary, we obtain
|∂α1 f̂(x1,1G2)| ≤ Ch|α|M|α| exp{−M(ε〈1G2〉)},
and so the proof is complete. 
Theorem 3.4. Let G1 and G2 be compact Lie groups, set G = G1 × G2, and let f ∈ C∞(G). Then
f ∈ Γ(Mk)(G) if and only if f̂( · , η)rs ∈ Γ(Mk)(G1) for every [η] ∈ Ĝ2, 1 ≤ r, s ≤ dη and for all h > 0
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and ε > 0 there exists Chε > 0 such that we have
max
x1∈G1
|∂αf̂(x1, η)rs| ≤ Chεh|α|M|α| exp{−M(ε〈η〉)},
for all [η] ∈ Ĝ2, 1 ≤ r, s ≤ dη and α ∈ Nd10 .
Proof. (⇐= ) By the proof of Theorem 3.3, we have
| ̂̂f(ξ, η)rsmn | ≤ Chε exp{−M((√d1hH)−1〈ξ〉)} exp{−M(ε〈η〉)}.
Given N > 0, choose h =
1
2
√
d1NH
and ε = 2N . So
| ̂̂f(ξ, η)rsmn | ≤ CN exp{−M(2N〈ξ〉)} exp{−M(2N〈η〉)}
≤ CN exp{−M(N(〈ξ〉+ 〈η〉))}.
Therefore f ∈ Γ(Mk)(G).
( =⇒ ) We can characterize the elements of Γ{Mk}(G) as follows (see [7]): ϕ ∈ Γ{Mk}(G) if and only
if for all h > 0 there exists Ch > 0 such that
max
(x1,x2)∈G
|∂α1 ∂β2 ϕ(x1, x2)| ≤ Ch|α|+|β|M|α|+|β|,
for all α ∈ Nd10 , β ∈ Nd20 . Let f ∈ Γ(Mk). In the proof of Theorem 3.3 we have obtained
|∂α1 f̂(x1, η)rs| ≤ Ch(hH)|α|M|α| exp{−M((
√
nhH2)−1〈η〉)}.
Given ℓ, ε > 0. If ℓε < (
√
nH)−1, take h = ℓH−1. In this case,
|∂α1 f̂(x1, η)rs| ≤ Cℓεℓ|α|M|α| exp{−M((
√
nℓH)−1〈η〉)}
≤ Cℓεℓ|α|M|α| exp{−M((ε〈η〉)}.
If ℓε ≥ (√nH)−1, take h = (√nεH2)−1. So
|∂α1 f̂(x1, η)rs| ≤ Cℓε(
√
nεH2)−|α|M|α| exp{−M((ε〈η〉)}
≤ Cℓεℓ|α|M|α| exp{−M((ε〈η〉)},
and the proof is complete. 
Theorem 3.5. Let G1 and G2 be compact Lie groups, and set G = G1 × G2. Then u ∈ Γ′{Mk}(G) if
and only if for all ε, h > 0 there exists Chε > 0 such that
|〈û( · , η)rs, ϕ〉| ≤ Chε‖ϕ‖h exp{M(ε〈η〉)}, ∀ϕ ∈ ΓMk(G1),
where ‖ϕ‖h := sup
α,x1
∣∣∂αϕ(x1)∣∣h−|α|M−1|α| .
Proof. (⇐= ) Let ϕ = ξnm. We have
|∂βξnm(x1)| ≤ CC|β|0 〈ξ〉p+|β|,
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where p is any natural number satisfying p ≥ dimG2 (see [6]). Then
|〈û( · , η)rs, ξnm〉| ≤ Chε‖ξnm‖h exp{M(ε〈η〉)}
= Chε sup
α,x1
|∂αξnm(x1)h−|α|M−1|α| | exp{M(ε〈η〉)}
≤ Chε〈ξ〉p sup
α
|C|α|0 〈ξ〉|α|h−|α|M−1|α| | exp{M(ε〈η〉)}
= Chε〈ξ〉p exp{M(h−1C0〈ξ〉)} exp{M(ε〈η〉)}.
By Proposition 3.2, we have
〈ξ〉p exp{M(h−1C0〈ξ〉)} ≤ A(h−1C0)−pMp exp{M(Hh−1C0〈ξ〉)}.
By Proposition 3.1, we obtain
|〈û( · , η)rs, ξnm〉| ≤ Chε exp{M(H(Hh−1C0〈ξ〉+ ε〈η〉))}.
Given N > 0, choose h = H
2C0
N and ε =
N
H . In this way,
| ̂̂u(ξ, η)mnrs | ≤ CN exp{M(N(〈ξ〉+ 〈η〉))},
which implies that u ∈ Γ′{Mk}(G).
( =⇒ ) Since u ∈ Γ′{Mk}(G), for every ℓ > 0, there exists Cℓ > 0 such that
|〈u, ψ〉| ≤ Cℓ sup
α,β
ℓ|α|+|β|M−1|α|+|β|||∂α1 ∂β2 ψ||L∞(G),
for all ψ ∈ Γ{Mk}(G). Given ϕ ∈ Γ{Mk}(G1), take ψ = ϕ× ηsr. Then
|〈û( · , η)rs, ϕ〉| = |〈u, ϕ× ηsr〉|
≤ Cℓ sup
α,β
ℓ|α|+|β|M−1|α|+|β| sup
x1
|∂α1 ϕ(x1)| sup
x2
|∂β2 ηsr(x2)|.
Similar to what was done above, we have
sup
β,x2
|∂β2 ηsr(x2)ℓ|β|M−1|β| | ≤ Cℓ exp{M(HℓC0〈η〉)}.
By the property M|α|M|β| ≤M|α|+|β| we obtain
|〈û( · , η)rs, ϕ〉| ≤ Cℓ sup
α,x1
|∂α1 ϕ(x1)ℓ|α|M−1|α| | exp{M(HℓC0〈η〉)}.
Given h, ε > 0. If εh ≤ C0H , take ℓ = εC0H . Thus ℓ ≤ h−1 and
|〈û( · , η)rs, ϕ〉| ≤ Chε‖ϕ‖h exp{M(ε〈η〉)}.
On the other hand, if εh > C0H , take ℓ = h
−1. Thus HℓC0 < ε and
|〈û( · , η)rs, ϕ〉| ≤ Chε‖ϕ‖h exp{M(ε〈η〉)},
completing the proof. 
Theorem 3.6. Let G1 and G2 be compact Lie groups, and set G = G1 × G2 . Then u ∈ Γ′(Mk)(G) if
and only if there exist ε, h, C > 0 such that we have
|〈û( · , η)rs, ϕ〉| ≤ C‖ϕ‖h exp{M(ε〈η〉)}, ∀ϕ ∈ Γ(Mk)(G1).
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The proof of this theorem is analogous to the Roumieu case and it will be omitted.
4. Normal Form
Let G1 and G2 be compact Lie groups and consider the operator La defined on G := G1 ×G2 by
(4.1) La = X1 + a(x1)X2,
where X1 ∈ g1, X2 ∈ g2, and a ∈ Γ{Mk}(G1) is a real-valued function. For each [ξ] ∈ Ĝ1, we can choose
a representative ξ ∈ Rep(G1) such that
σX1(ξ)mn = iλm(ξ)δmn, 1 ≤ m,n ≤ dξ,
where λm(ξ) ∈ R for all [ξ] ∈ Ĝ1 and 1 ≤ m ≤ dξ. Similarly, for each [η] ∈ Ĝ2, we can choose a
representative η ∈ Rep(G2) such that
σX2 (η)rs = iµr(η)δrs, 1 ≤ r, s ≤ dη,
where µr(η) ∈ R for all [η] ∈ Ĝ2 and 1 ≤ r ≤ dη.
The idea is to apply the same technique used in [2, 4, 13] and several other references of studying the
global properties of (4.1) by analyzing the same properties of the equivalent constant-coefficient operator
La0 = X1 + a0X2, where
a0 :=
∫
G1
a(x1) dx1.
For this end, we have the following additional hypothesis:
Hypothesis 4.1. For the real-valued function a ∈ Γ{Mk}(G1) (respectively, a ∈ Γ(Mk)(G1)), there exists
A ∈ Γ{Mk}(G1) (respectively, A ∈ Γ(Mk)(G1)) such that
(4.2) X1A(x1) = a(x1)− a0,
for all x1 ∈ G1.
Remark 4.2. When G1 is the one-dimensional torus, the operator X1 = ∂t is globally solvable and
a− a0 belongs to the set of admissible functions, therefore this hypothesis is satisfied. However, for other
compact Lie groups, including higher-dimensional torus and the sphere S3, it is not difficult to construct
examples of a function a for which there is no A satisfying (4.2).
Now we define the operator Ψa as
(4.3) Ψau(x1, x2) :=
∑
[η]∈Ĝ2
dη
dη∑
r,s=1
eiµr(η)A(x1)û(x1, η)rs ηsr(x2).
In [13] it was proved that Ψa is an automorphism of C
∞(G) and D′(G), with inverse Ψ−a. Moreover,
we have
(4.4) Ψa ◦ La = La0 ◦Ψa.
Since the operator La is the same as in [13], the expression (4.4) remains valid in Komatsu classes.
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In the next results, we present sufficient conditions for the operator Ψa to be an automorphism in the
space of ultradifferentiable functions and ultradistributions of both Roumieu and Beurling types. First,
by the definition of ultradifferentiable functions, there exist K ′, ℓ′ > 0 such that for all α ∈ Nd10 we have
|∂αA(x1)| ≤ K ′ℓ′|α|M|α|, ∀x1 ∈ G1.
Since M|α| ≤ AH |α|M1M|α|−1, we obtain for all non-zero α ∈ Nd10
(4.5) |∂αA(x1)| ≤ Kℓ|α|−1M|α|−1, ∀x1 ∈ G1,
where K = K ′ℓ′HAM1 and ℓ = ℓ
′H .
Similarly, if A ∈ Γ(Mk)(G1), for any ℓ > 0 there exists Kℓ > 0 such that for all non-zero α ∈ Nd10 we
have
(4.6) |∂αA(x1)| ≤ Kℓℓ|α|−1M|α|−1, ∀x1 ∈ G1.
Proposition 4.3. Let a ∈ Γ{Mk}(G1). Then the operator Ψa, defined in (4.3), is an automorphism of
Γ{Mk}(G1 ×G2).
Proof. It is enough to show that Ψau ∈ Γ{Mk}(G1 ×G2) when u ∈ Γ{Mk}(G1 ×G2). By the characteri-
zation of ultradifferentiable functions of Roumieu type from their partial Fourier coefficients, there exist
C, h, ε > 0 such that
(4.7) |∂αû(x1, η)rs| ≤ Ch|α|M|α| exp{−M(ε〈η〉)},
for all α ∈ Nd10 , x1 ∈ G1, [η] ∈ Ĝ2 and 1 ≤ r, s ≤ dη. Notice that
Ψ̂au(x1, η)rs = e
iµr(η)A(x1)û(x1, η)rs.
Thus, for α ∈ Nd10 we have
|∂αΨ̂au(x1, η)rs| =
∣∣∣∂α (eiµr(η)A(x1)û(x1, η)rs)∣∣∣ ≤ ∑
β≤α
(
α
β
) ∣∣∣∂βeiµr(η)A(x1)∣∣∣ ∣∣∂α−βû(x1, η)rs∣∣ .
Using that |µr(η)| ≤ 〈η〉 and (4.5), we have by Faa` di Bruno’s Formula that
|∂βeiµr(η)A(x1)| ≤
|β|∑
k=1
Kk〈η〉kℓ|β|−k

 ∑
λ∈∆(|β|,k)
(|β|
λ
)
1
r(λ)!
k∏
j=1
Mλj−1

 ,
where ∆(|β|, k) = {λ ∈ Nk; |λ| = |β| and λ1 ≥ · · · ≥ λk ≥ 1} and r(λ) ∈ Nd10 , where r(λ)j counts how
many times j appears on λ.
By property (M.4) of the sequence {Mk}k∈N0 we obtain
(4.8)
(|β|
λ
) |β|∏
j=1
Mλj−1 = |β|!
|β|∏
j=1
Mλj−1
λj !
≤ |β|!
|β|∏
j=1
Mλj−1
(λj − 1)! ≤ |β|!
M|β|−k
(|β| − k)! ,
for λ ∈ ∆(|β|, k). Using the fact that
∑
λ∈∆(|β|,k)
1
r(λ)!
=
(|β| − 1
k − 1
)
1
k!
,
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we have
(4.9) |∂βeiµr(η)A(x1)| ≤
|β|∑
k=1
(|β| − 1
k − 1
)
1
k!
Kk〈η〉kℓ|β|−k|β|! M|β|−k
(|β| − k)! .
By (4.7), we have
|∂αΨ̂au(x1, η)rs| ≤ C
∑
β≤α
(
α
β
) |β|∑
k=1
(|β| − 1
k − 1
)
1
k!
Kk〈η〉kℓ|β|−k
× |β|! M|β|−k
(|β| − k)!h
|α|−|β|M|α|−|β| exp{−M(ε〈η〉)}.
By Proposition 3.2,
〈η〉k exp{−M(ε〈η〉)} ≤ A
(
H
ε
)k
Mk exp{−M(εH−1〈η〉)}.
So,
|∂αΨ̂au(x1, η)rs| ≤ AC
∑
β≤α
(
α
β
) |β|∑
k=1
(|β| − 1
k − 1
)(
KH
ℓε
)k
ℓ|β|h|α|−|β|
× |β|! M|β|−k
(|β| − k)!
Mk
k!
M|α|−|β| exp{−M(ε〈η〉)}.
Notice that
|β|! M|β|−k
(|β| − k)!
Mk
k!
M|α|−|β| ≤ |β|!
M|β|
|β|! M|α|−|β| ≤M|α|.
Denote by S = max{KHε , ℓ}. Thus
|∂αΨ̂au(x1, η)rs| ≤ AC
∑
β≤α
(
α
β
)
S|β|h|α|−|β|M|α| exp{−M(εH−1〈η〉)}
|β|∑
k=1
(|β| − 1
k − 1
)
.
We have
|β|∑
k=1
(
|β|−1
k−1
)
= 2|β|−1. Moreover,
(4.10)
∑
β≤α
(
α
β
)
(2S)|β|h|α|−|β| =
|α|∑
|β|=0
(|α|
|β|
)
(2S)|β|h|α|−|β| = (2S + h)|α|.
In this way
|∂αΨ̂au(x1, η)rs| ≤ AC (2S + h)|α|M|α| exp{−M(εH−1〈η〉)}.
By Theorem 3.3 we conclude that Ψau ∈ Γ{Mk}(G1 ×G2). 
Proposition 4.4. Assume that a ∈ Γ(Mk)(G1). Then Ψa is an automorphism of Γ(Mk)(G1 ×G2).
Proof. Let u ∈ Γ(Mk)(G1 ×G2). By (4.5) we have that
|∂αA(x1)| ≤ Kℓℓ|α|−1M|α|−1, ∀x1 ∈ G1.
By Theorem 3.4 for all h, ε > 0 there exists Chε > 0 such that
(4.11) |∂αû(x1, η)rs| ≤ Chεh|α|M|α| exp{−M(ε〈η〉)},
for all α ∈ Nd10 , x1 ∈ G1, [η] ∈ Ĝ2 and 1 ≤ r, s ≤ dη. We can follow the proof of Roumieu type case and
obtain
|∂αΨ̂au(x1, η)rs| ≤ Chε (2S + h)|α|M|α| exp{−M(εH−1〈η〉)},
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where S = max{KℓHε , ℓ}. Given j, δ > 0, choose ℓ = j4 and ε = max
{
δH,
4KjH
j
}
. Thus S = j4 and
exp{−M(εH−1〈η〉)} ≤ exp{−M(δ〈η〉)},
for all [η] ∈ Ĝ2. Hence
|∂αΨ̂au(x1, η)rs| ≤ AChδ
(
j
2 + h
)|α|
M|α| exp{−M(δ〈η〉)},
Choose now h = j2 . Therefore
|∂αΨ̂au(x1, η)rs| ≤ Cjδj|α|M|α| exp{−M(δ〈η〉)},
which implies that Ψau ∈ Γ(Mk)(G1 ×G2). 
Proposition 4.5. For a ∈ Γ{Mk}(G1), the operator Ψa is an automorphism of Γ′{Mk}(G1 ×G2).
Proof. Most of the estimates that we will use here were proved in the demonstration of Theorem 4.3.
Let us show that Ψau ∈ Γ′{Mk}(G1 × G2) when u ∈ Γ′{Mk}(G1 × G2). By the characterization of
ultradistributions of Roumieu type (Theorem 3.5) for all h, ε > 0, there exists Chε > 0 such that
|〈û( · , η)rs, ϕ〉| ≤ Chε‖ϕ‖h exp{M(ε〈η〉)}, ∀ϕ ∈ Γ{Mk}(G1).
In this way, for ϕ ∈ Γ{Mk}(G1), we have
〈
Ψ̂au(·, η)rs, ϕ
〉
=
〈
eiµr(η)A(·)û(·, η)rs, ϕ
〉
=
〈
û(·, η)rs, eiµr(η)A(·)ϕ
〉
.
Hence, 〈
û(·, η)rs, eiµr(η)A(·)ϕ
〉
≤ Chε‖eiµr(η)A(·)ϕ‖h exp{M(ε〈η〉)}.
Notice that ∣∣∣∂α (eiµr(η)A(x1)ϕ(x1))∣∣∣ ≤ ∑
β≤α
(
α
β
) ∣∣∣∂βeiµr(η)A(x1)∣∣∣ ∣∣∂α−βϕ(x1)∣∣ .
By (4.9), using that |∂|α|A(x1)| ≤ Kℓ|α|−1M|α|−1, we obtain
|∂βeiµr(η)A(x1)| ≤
|β|∑
k=1
(|β| − 1
k − 1
)
1
k!
Kk〈η〉kℓ|β|−k|β|! M|β|−k
(|β| − k)! .
By Proposition 3.2,
〈η〉k exp{M(ε〈η〉)} ≤ Aε−kMk exp{M(Hε〈η〉)},
and then by the property (M.4) we obtain
∣∣∣∂α (eiµr(η)A(x1)ϕ(x1))∣∣∣ exp{M(ε〈η〉)} ≤ A∑
β≤α
(
α
β
) |β|∑
k=1
(|β| − 1
k − 1
)(
K
ℓε
)k
ℓ|β|M|β|(4.12)
×
∣∣∣∂|α|−|β|ϕ(x1)∣∣∣ exp{M(Hε〈η〉)}.
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Let S = max
{
K
ε , ℓ
}
, then for any j > 0 we have
∣∣∣∂α (eiµr(η)A(x1)ϕ(x1))∣∣∣ exp{M(ε〈η〉)} ≤ A∑
β≤α
(
α
β
)
S|β|M|β|
∣∣∣∂|α|−|β|ϕ(x1)∣∣∣ |β|∑
k=1
(|β| − 1
k − 1
)
× exp{M(Hε〈η〉)}
≤ A
∑
β≤α
(
α
β
)
(2S)
|β|
M|β| ‖ϕ‖j j|α|−|β|M|α|−|β| exp{M(Hε〈η〉)}.
Using the fact that M|α|−|β|M|β| ≤M|α| and (4.10), we obtain∣∣∣∂α (eiµr(η)A(t)ϕ(t))∣∣∣ exp{M(ε〈η〉)} ≤ A (2S + j)|α| ‖ϕ‖jM|α| exp{M(Hε〈η〉)}.
Given j, δ > 0, choose ε = δH and then h = 2S + j. Notice that∥∥∥eiµr(η)A(·)ϕ∥∥∥
h
exp{M(ε〈η〉)} ≤ A‖ϕ‖j exp{M(δ〈η〉)},
then we conclude that
∣∣∣〈Ψ̂au(·, η)rs, ϕ〉∣∣∣ ≤ Chε‖eiµr(η)A(·)ϕ‖h exp{M(ε〈η〉)}
≤ Cjδ‖ϕ‖j exp{M(δ〈η〉)}.
Therefore Ψau ∈ Γ′{Mk}(G1 ×G2) and then Ψa is an automorphism. 
Proposition 4.6. For a ∈ Γ(Mk)(G1), the operator Ψa is an automorphism of Γ′(Mk)(G1 ×G2).
Proof. Let us show that Ψau ∈ Γ′(Mk)(G1 ×G2) when u ∈ Γ′(Mk)(G1 ×G2). By the characterization of
ultradistributions of Beurling type (Theorem 3.6) there exist h, ε, C > 0 such that
|〈û( · , η)rs, ϕ〉| ≤ C‖ϕ‖h exp{M(ε〈η〉)}, ∀ϕ ∈ Γ(Mk)(G1).
In this way, for ϕ ∈ Γ(Mk)(G1),〈
Ψ̂au(·, η)rs, ϕ
〉
=
〈
eiµr(η)A(·)û(·, η)rs, ϕ
〉
=
〈
û(·, η)rs, eiµr(η)A(·)ϕ
〉
.
We have 〈
û(·, η)rs, eiµr(η)A(·)ϕ
〉
≤ C‖eiµr(η)A(·)ϕ‖h exp{M(ε〈η〉)}.
Following the proof of Proposition 4.5, by the fact that a ∈ Γ(Mk)(G1) we obtain
‖eiµr(η)A(·)ϕ‖2S+j exp{M(ε〈η〉)} ≤ A‖ϕ‖j exp{M(Hε〈η〉)},
where S = max
{
Kℓ
ε , ℓ
}
. Now, choose ℓ = h4 and consider ε sufficiently large such that S = ℓ. For j =
h
2 ,
we obtain
〈
Ψ̂au(·, η)rs, ϕ
〉
≤ C‖eiµr(η)A(·)ϕ‖h exp{M(ε〈η〉)}
≤ C‖ϕ‖ h
2
exp{M(Hε〈η〉)},
which implies that Ψau ∈ Γ′(Mk)(G1 ×G2). 
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5. Global Komatsu hypoellipticity and solvability
Let us turn our attention to the study of global properties of the operator La defined on the compact
Lie group G := G1 ×G2 by
La = X1 + a(x1)X2,
where X1 ∈ g1, X2 ∈ g2, and a ∈ Γ{Mk}(G1) (or a ∈ Γ(Mk)(G1)) is a real-valued function.
The case where a is a constant was studied in [14] and we have the following characterization of the
global properties of La:
Theorem 5.1 (Thms 3.2, 3.4, 3.6 and 3.8 of [14]). The operator La = X1+ aX2, with a ∈ C, is globally
Γ{Mk}-hypoelliptic (respectively, globally Γ(Mk)-hypoelliptic) if and only if the following conditions hold:
1. The set
N = {([ξ].[η]) ∈ Ĝ1 × Ĝ2; λm(ξ) + aµr(η) = 0, for some 1 ≤ m ≤ dξ and 1 ≤ r ≤ dη}
is finite.
2. ∀N > 0 (respectively, ∃N > 0), ∃CN > 0 such that
|λm(ξ) + aµr(η)| ≥ CN exp{−M(N(〈ξ〉+ 〈η〉))},
for all [ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m ≤ dξ, and 1 ≤ r ≤ dη, whenever λm(ξ) + aµr(η) 6= 0.
Moreover, the operator La is globally Γ{Mk}-solvable (respectively, globally Γ(Mk)-solvable) if and only if
the condition 2. above is satisfied.
Recall that La0 = X1 + a0X2, where a0 :=
∫
G1
a(x1) dx1. Now, if La0u = f ∈ Γ′{Mk}(G), for some
u ∈ Γ′{Mk}(G), then
i(λm(ξ) + a0µr(η))̂̂u(ξ, η)mnrs = ̂̂f (ξ, η)mnrs ,
for all [ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m ≤ dξ, and 1 ≤ r ≤ dη (see [14] for more details). In particular, f belongs
to the following set
Ka0 := {g ∈ Γ′{Mk}(G1 ×G2); ̂̂g(ξ, η)mnrs = 0, whenever λm(ξ) + a0µr(η) = 0}.
In order to study the solvability of the operator La, assume that Lau = f ∈ Γ′{Mk}(G1×G2) for some
u ∈ Γ′{Mk}(G1 × G2). We can write u = Ψ−a(Ψau), so La(Ψ−a(Ψau)) = f . Thus, using the fact that
Ψa ◦ La = La0 ◦Ψa, we obtain Ψ−aLa0Ψau = f , that is,
La0Ψau = Ψaf.
This implies that Ψaf ∈ Ka0 and motivates the following definition:
Definition 5.2. We say that the operator La is globally Γ
′
{Mk}
–solvable if La(Γ
′
{Mk}
(G1 × G2)) = Ja,
where
Ja := {v ∈ Γ′{Mk}(G1 ×G2); Ψav ∈ Ka0}.
Similarly one defines these global properties for Komatsu classes of Beurling type. Using the results
from the previous section, we obtain the following connection between the operator La and its normal
form, whose proof will be omitted because it is the same as in the smooth case (see [13]).
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Proposition 5.3. Let a ∈ Γ{Mk}(G1) (respectively, a ∈ Γ(Mk)(G1)) then:
1. the operator La is globally Γ{Mk}-hypoelliptic (respectively, Γ(Mk)-hypoelliptic) if and only if La0 is
globally Γ{Mk}-hypoelliptic (respectively, Γ(Mk)-hypoelliptic);
2. the operator La is globally Γ{Mk}-solvable (respectively, Γ(Mk)-solvable) if and only if La0 is globally
Γ{Mk}-solvable (respectively, Γ(Mk)-solvable).
From the automorphism Ψa we recover for the operator La the connection between the different
notions of global hypoellipticity and global solvability, obtained in [14] for constant-coefficients vector
fields, summarized in the following diagram:
GH =⇒ GΓ{Mk}H =⇒ GΓ(Mk)Hww ww ww
GS =⇒ GΓ′{Mk}S =⇒ GΓ′(Mk)S
Notice that we need to assume that a ∈ Γ(Mk)(G) for the implications involving Komatsu classes of
Beurling type.
5.1. Perturbations by low-order terms.
We can use the results about perturbations of constant-coefficient vector fields presented in [14] to
study the operator Laq defined on G1 ×G2 by
Laq = X1 + a(x1)X2 + q(x1, x2),
where a ∈ Γ{Mk}(G1) is a real-valued ultradifferentiable function and q ∈ Γ{Mk}(G1 × G2). The case
where a and q are constants was presented in [14]:
Theorem 5.4 (Thm 6.1 of [14]). The operator Laq = X1 + aX2 + q, with a, q ∈ C, is globally Γ{Mk}-
hypoelliptic (respectively, globally Γ(Mk)-hypoelliptic) if and only if the following conditions hold:
1. The set
N = {([ξ], [η]) ∈ Ĝ1 × Ĝ2;λm(ξ) + aµr(η)− iq = 0, for some 1 ≤ m ≤ dξ, 1 ≤ r ≤ dη}
is finite.
2. ∀N > 0 (respectively, ∃N > 0), ∃CN > 0 such that
|λm(ξ) + aµr(η)− iq| ≥ CN exp{−M(N(〈ξ〉+ 〈η〉))},
for all [ξ] ∈ Ĝ1, [η] ∈ Ĝ2, 1 ≤ m ≤ dξ, 1 ≤ r ≤ dη, whenever λm(ξ) + aµr(η)− iq 6= 0.
Moreover, the operator Laq is globally Γ{Mk}-solvable (respectively, globally Γ(Mk)-solvable) if and only
if the condition 2. above is satisfied.
As discussed in [14], also previously in Remark 4.2, we will assume that there is Q ∈ Γ{Mk}(G1×G2)
such that
(X1 + a(x1)X2)Q = q − q0,
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where q0 is the average of q in G1 ×G2. For instance, if the operator X1 + a(x1)X2 is globally Γ{Mk}–
solvable (see Proposition 5.3) and q−q0 is an admissible ultradifferentiable function, then this assumption
is satisfied. We have that eQ ∈ Γ{Mk}(G1 ×G2) and
eQ ◦ Laq = Laq0 ◦ eQ,
where Laq0 = X1 + a(x1)X2 + q0. Now, we obtain
Ψa ◦ Laq0 = La0q0 ◦Ψa,
where La0q0 = X1 + a0X2 + q0. Therefore,
Ψa ◦ eQ ◦ Laq = Ψa ◦ Laq0 ◦ eQ = La0q0 ◦Ψa ◦ eQ.
The next result is a consequence of what was done previously.
Proposition 5.5. The operator Laq is globally Γ{Mk}–hypoelliptic if and only if La0q0 is globally Γ{Mk}–
hypoelliptic. Similarly, the operator Laq is globally Γ{Mk}–solvable if and only if La0q0 is globally Γ{Mk}–
solvable.
We have similar results in the settings of Komatsu classes of Beurling type.
6. Examples
In this section we will consider the sequence {Mk}k∈N0 given by Mk = (k!)s, with s ≥ 1. So, the
Komatsu class of Roumieu type associated to this sequence is the Gevrey space γs(G) and we have that
the associated function satisfies
M(r) ≃ r1/s,
for all r ≥ 0.
In this framework we present a class of examples in T1 × S3 and in S3 × S3. Examples of operators
defined on tori in Gevrey spaces can be found on [1, 3].
6.1. G = T1 × S3.
Consider the continued fraction α =
[
101!, 102!, 103!, . . .
]
and a normalized vector field X ∈ s3. Using
rotation on S3, without loss of generality, we may assume that X has the symbol
σX(ℓ)mn = imδmn, ℓ ∈ 12N0, −ℓ ≤ m,n ≤ ℓ, ℓ−m, ℓ− n ∈ N0,
with δmn standing for the Kronecker’s delta. The details about the Fourier analysis on S
3 can be found
in Chapter 11 of [20].
Consider the operator
La = ∂t + a(t)X,
where a(t) = sin(t) + α. Notice that a ∈ γs(T1), for all s ≥ 1 and the function A : t 7→ − cos(t) satisfies
∂tA(t) = a(t)− α. By Proposition 5.3, we can study the global properties of La from the operator
La0 = ∂t + αX.
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By Theorem 5.1, the operator La0 is not globally γ
s–hypoelliptic because the set
N = {(k, ℓ) ∈ Z× 12N0; k + αm = 0, for some − ℓ ≤ m ≤ ℓ, ℓ−m ∈ Z}
has infinitely many elements. However, since α is not an exponential Liouville number of order s, for
any s ≥ 1, for all N > 0 there exists CN > 0 such that
|k + αm| ≥ CN exp{−N(|k|+ ℓ+ 1)1/s},
for all k ∈ Z, ℓ ∈ N0, −ℓ ≤ m ≤ ℓ, ℓ −m ∈ N0, whenever k + αm 6= 0. Therefore, the operator La0 is
globally γs–solvable, for any s ≥ 1. In addition, since α is a Liouville number, the operator La0 is not
globally solvable in the C∞–sense.
We conclude then that the operator La is neither globally γ
s-hypoelliptic, nor globally solvable, but
it is globally γs–solvable, for any s ≥ 1.
Consider now
Laq = ∂t + a(t)X + q(t, x)
where X ∈ s2, a(t) = sin(t) + α, and q(t, x) = cos(t) + (sin(t) + α)h(x) + 12 i, where h is expressed in
Euler’s angle by
h(x(φ, θ, ψ)) = − cos ( θ2) sin(φ+ψ2 ) ,
where 0 ≤ φ < 2π, 0 ≤ θ ≤ π, −2π ≤ ψ < 2π. Notice that q is an analytic function, which implies that
q ∈ γs(T1 × S3) for all s ≥ 1.
The vector field X is the operator ∂ψ in Euler’s angle and we have that Xtr(x) = h(x), where the
trace function tr is expressed in Euler’s angle by
tr(x(φ, θ, ψ)) = 2 cos
(
θ
2
)
cos
(
φ+ψ
2
)
.
The function Q(t, x) = sin(t) + tr(x) satisfies
(∂t + a(t)X)Q(t, x) = q(t, x)− 12 i.
By Proposition 5.5, the operator
Laq = ∂t + (sin(t) + α)X +
{
cos(t) + (sin(t) + α)h(x) + 12 i
}
is globally γs–hypoelliptic if and only if
La0q0 = ∂t + αX +
1
2 i
is globally γs–hypoelliptic. By Example 6.7 of [14], we conclude that Laq is globally γ
s–hypoelliptic for
any s ≥ 1, which implies that it is also globally γs–solvable, for any s ≥ 1. In addition, the operator Laq
is neither globally hypoelliptic nor globally solvable in C∞–sense, because La0q0 has these properties.
Similarly, the operator
Laq = ∂t + (sin(t) + α)X + {cos(t) + (sin(t) + α)h(x) + αi}
is not globally γs–hypoelliptic but is globally γs–solvable because
La0q0 = ∂t + αX + αi
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has these properties. Again, the operator Laq is neither globally hypoelliptic nor globally solvable in the
C∞–sense.
6.2. G = S3 × S3.
Consider the operator
Lh = X1 + h(x1)X2,
where X1, X2 ∈ s3, h is expressed in Euler’s angle by
h(x1(φ1, θ1, ψ1)) = − cos
(
θ1
2
)
sin
(
φ1+ψ1
2
)
+ α,
where 0 ≤ φ1 < 2π, 0 ≤ θ1 ≤ π, −2π ≤ ψ1 < 2π, and α is the continued fraction
[
101!, 102!, 103!, . . .
]
.
Moreover, we will assume that the vector field X1 acts only in the first variable, while X2 acts only in
the second variable. In this way, we may assume that
σX1(ℓ)mn = imδmn, ℓ ∈ 12N0, −ℓ ≤ m,n ≤ ℓ, ℓ−m, ℓ− n ∈ N0,
and
σX2(κ)rs = irδrs, κ ∈ 12N0, −κ ≤ r, s ≤ κ, κ− r, κ− s ∈ N0.
So, the Xj is the operator ∂ψj in Euler’s angles, for j = 1, 2. Since X1tr(x1) = h(x1) − α, with tr as in
Example 6.1, it is enough to understand the global properties of the operator
Lh0 = X1 + αX2
for the study of the global properties of Lh. By Theorem 5.1, the operator Lh0 is not globally γ
s–
hypoelliptic because the set
N = {(ℓ, κ) ∈ 12N0 × 12N0; m+ αr = 0, for some − ℓ ≤ m ≤ ℓ, −κ ≤ r ≤ κ}
has infinitely many elements. However, since α is not an exponential Liouville number or order s, for
any s ≥ 1, for all N > 0 there exists CN > 0 such that
|m+ αr| ≥ CN exp{−N(ℓ+ κ+ 1)1/2},
for all κ, ℓ ∈ 12N0, −ℓ ≤ m ≤ ℓ, −κ ≤ r ≤ κ, whenever m + αr 6= 0. Thus, the operator Lh0 is
globally γs–solvable, for any s ≥ 1. Furthermore, Lh0 is not globally solvable in the C∞–sense because
α is a Liouville number. Therefore, the operator Lh is neither globally γ
s–hypoelliptic, nor globally
C∞–solvable, but it is globally γs–solvable, for any s ≥ 1.
Consider now the operator
Lhq = X1 + h(x1)X2 + q(x1, x2),
where q is given by
q(x1, x2) = p1(x1) + h(x1)p2(x2) +
1
2 i,
where p1 and p2 are the projections of SU(2) ≃ S3 given in Euler’s angle by
p1(x(φ, θ, ψ)) = cos
(
θ
2
)
ei(φ+ψ)/2 and p2(x(φ, θ, ψ)) = i sin
(
θ
2
)
ei(φ−ψ)/2,
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where 0 ≤ φ < 2π, 0 ≤ θ ≤ π, −2π ≤ ψ < 2π. It is easy to see that the function Q(x1, x2) =
2i(p2(x2)− p1(x1)) satisfies
(X1 + h(x1)X2)Q(x1, x2) = q(x1, x2)− 12 i.
Since Q is analytic, we have that Q ∈ γs(S3× S3), for any s ≥ 1. By Proposition 5.5, we can extract the
global properties of Lhq from the operator
Lh0q0 = X1 + αX2 +
1
2 i.
As in Example 6.1, we conclude by Theorem 5.4 that the operator Lh0q0 is globally γ
s–hypoelliptic for
any s ≥ 1, but is not globally solvable in the C∞–sense. By Proposition 5.5, the operator Lhq has the
same properties of Lh0q0 .
Acknowledgments
This study was financed in part by the Coordenac¸a˜o de Aperfeic¸oamento de Pessoal de Nı´vel Superior
- Brasil (CAPES) - Finance Code 001. The last author was also supported by the FWO Odysseus grant,
by the Leverhulme Grant RPG-2017-151, and by EPSRC Grant EP/R003025/1.
References
[1] A. Arias Junior, A. Kirilov, and C. de Medeira. Global Gevrey hypoellipticity on the torus for a class of systems of
complex vector fields. J. Math. Anal. Appl., 474(1):712–732, 2019.
[2] A. P. Bergamasco. Remarks about global analytic hypoellipticity. Trans. Amer. Math. Soc., 351(10):4113–4126, 1999.
[3] A. P. Bergamasco, P. L. Dattori da Silva, and R. B. Gonzalez. Global solvability and global hypoellipticity in Gevrey
classes for vector fields on the torus. J. Differential Equations, 264(5):3500–3526, 2018.
[4] A. P. Bergamasco and G. Petronilho. Global solvability of a class of involutive systems. J. Math. Anal. Appl.,
233(1):314–327, 1999.
[5] W. Chen and M. Y. Chi. Hypoelliptic vector fields and almost periodic motions on the torus Tn. Comm. Partial
Differential Equations, 25(1-2):337–354, 2000.
[6] A. Dasgupta and M. Ruzhansky. Gevrey functions and ultradistributions on compact Lie groups and homogeneous
spaces. Bull. Sci. Math., 138(6):756–782, 2014.
[7] A. Dasgupta and M. Ruzhansky. Eigenfunction expansions of ultradifferentiable functions and ultradistributions.
Trans. Amer. Math. Soc., 368(12):8481–8498, 2016.
[8] F. de A´vila Silva, R. B. Gonzalez, A. Kirilov, and C. de Medeira. Global hypoellipticity for a class of pseudo-differential
operators on the torus. Journal of Fourier Analysis and Applications, Oct 2018.
[9] F. de A´vila Silva, T. Gramchev, and A. Kirilov. Global hypoellipticity for first-order operators on closed smooth
manifolds. J. Anal. Math., 135(2):527–573, 2018.
[10] D. Dickinson, T. Gramchev, and M. Yoshino. Perturbations of vector fields on tori: resonant normal forms and
Diophantine phenomena. Proc. Edinb. Math. Soc. (2), 45(3):731–759, 2002.
[11] V. Fischer and M. Ruzhansky. Quantization on nilpotent Lie groups, volume 314 of Progress in Mathematics.
Birkha¨user/Springer, [Cham], 2016.
[12] J. Hounie. Globally hypoelliptic vector fields on compact surfaces. Comm. Partial Differential Equations, 7(4):343–370,
1982.
[13] A. Kirilov, W. A. A. de Moraes, and M. Ruzhansky. Global hypoellipticity and global solvability for vector fields on
compact Lie groups. arXiv e-prints, page arXiv:1910.00059 [math.AP], Sep 2019.
GLOBAL PROPERTIES OF VECTOR FIELDS IN KOMATSU CLASSES II 23
[14] A. Kirilov, W. A. A. de Moraes, and M. Ruzhansky. Global properties of vector fields on compact Lie groups in
Komatsu classes. arXiv e-prints, page arXiv:1910.01922 [math.AP], Oct 2019.
[15] A. Kirilov, W. A. A. de Moraes, and M. Ruzhansky. Partial Fourier series on compact Lie groups. arXiv e-prints,
page arXiv:1909.12824 [math.AP], Sep 2019.
[16] H. Komatsu. Ultradistributions. I. Structure theorems and a characterization. J. Fac. Sci. Univ. Tokyo Sect. IA Math.,
20:25–105, 1973.
[17] G. Petronilho. Global hypoellipticity, global solvability and normal form for a class of real vector fields on a torus and
application. Trans. Amer. Math. Soc., 363(12):6337–6349, 2011.
[18] H.-J. Petzsche and D. Vogt. Almost analytic extension of ultradifferentiable functions and the boundary values of
holomorphic functions. Math. Ann., 267(1):17–35, 1984.
[19] C. Roumieu. Sur quelques extensions de la notion de distribution. Ann. Sci. E´cole Norm. Sup. (3), 77:41–121, 1960.
[20] M. Ruzhansky and V. Turunen. Pseudo-differential operators and symmetries, volume 2 of Pseudo-Differential Oper-
ators. Theory and Applications. Birkha¨user Verlag, Basel, 2010. Background analysis and advanced topics.
Universidade Federal do Parana´, Departamento de Matema´tica, C.P.19096, CEP 81531-990, Curitiba, Brazil
E-mail address: akirilov@ufpr.br
Universidade Federal do Parana´, Programa de Po´s-Graduac¸a˜o de Matema´tica, C.P.19096, CEP 81531-990,
Curitiba, Brazil
E-mail address: wagneramat@gmail.com
Ghent University, Department of Mathematics: Analysis, Logic and Discrete Mathematics, Ghent, Belgium
and Queen Mary University of London, School of Mathematical Sciences, London, United Kingdom
E-mail address: Michael.Ruzhansky@ugent.be
